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Introduction Global setting

η

B

Water Waves [Saint-Venant’1871]

∂tη + u|η ·∇η − w|η = 0
∂tu + u ·∇u + w∂z u = −∇p
∂tw + u ·∇w + w∂z w = −∂z p−g

∇·u + ∂z w = 0
u|B ·∇B − w|B = 0

S

z

x

Θ(x ,z) : porosity = void-space volume
total volume ≤ 1

κ(x ,z) : permeability (or hydraulic conductivity)
B (x) : bathymetry
S (x) : substratum
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∂tη + u|η ·∇η − w|η = 0
u = −κ∇p
w = −κ(∂z p−g)
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Introduction Applications

Water Resources: baseflow, flooding, salt intrusion, pollutant...

Geomorphology: sediment transport, soil alteration...

Martin PARISOT Cimav’25 The Dupuit-Forchheimer regime 3/22



Hierarchy in the Dupuit-Forchheimer regime The groundwater waves problem

GroundWater Waves model (GWW ):
∂tη + u|η ·∇η−w|η = 0

u = −κ∇p
w = −κ(∂z p+g)

∇·(Θu)+∂z (Θw) = 0
u|S ·∇S −w|S = 0

Properties

Energy dissipation: ∂tP (η)+∇·G (η,u,w)=−K̃ (η,u,w)

where P (η) := g
∫ η

S
Θz dz (potential energy)

G (η,u,w) :=
∫ η

S
(gz +p)Θu dz (energy flux)

and K̃ (η,u,w) :=
∫ η

S

Θ

κ

(
|u|2 +w2

)
dz . (dissipation ≈ kinetic energy)

The linearized groundwater waves model with constant parameters
has solutions of the form η(t ,x)=D cos(k ·x)e−

gκ
D λ̃t

with the linear decay rate reads λ̃= |kD|tanh(|kD|).
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Hierarchy in the Dupuit-Forchheimer regime The Dupuit-Forchheimer model

Integrating the incompressibility constraint, we get ∂tV (η)+∇·(V (η)u)= 0
with the water volume V (η) :=

∫ η

S
Θdz, and the mean horizontal velocity u := 1

V (η)

∫ η

S
Θu dz.

Integrating the horizontal Darcy law, we get V (η)u =−
∫ η

S
κ∇p dz

Dupuit–Forchheimer assumption
p (t ,x ,z)= g (η(t ,x)−z)+O (µ) ⇒ u =−gK (η)∇η+O (µ) with K (η)= 1

V (η)

∫ η

S
Θκdz.

Dupuit-Forchheimer model (DF ): O (µ)-approximate model [Dupuit’1863]

∂tV (η)−∇·(gK (η)V (η)∇η)= 0

Energy dissipation: ∂tP (η)+∇·G (η,u,w)=−K̃ (η,u,w)
where P (η) := g

∫ η

S
Θz dz , G (η,u,w) := g2ηKV ∇η and K̃ (η,u,w) := g2KV

∣∣∇η∣∣2 .

Linear decay rate: λ̃= |kD|2.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
wave number (|kD|)

0

1

2

3

4

no
rm

ai
liz

ed
 d

ec
ay

 ra
te

 
(k

D
) lin. Groundwater waves model

lin. Dupuit-Forchheimer model

Martin PARISOT Cimav’25 The Dupuit-Forchheimer regime 5/22



Hierarchy in the Dupuit-Forchheimer regime The Hydrodynamic Dupuit-Forchheimer model

Assuming constant coefficients: Θ(x ,z)=Θ(x)+O
(
µ2

)
and κ(x ,z)= κ(x)+O

(
µ2

)
Assuming the hydrodynamic pressure small: p (t ,x ,z)−g (η(t ,x)−z)=O (µ)=µq (t ,x ,z)

Form the horizontal Darcy law: u =−κ∇(gη+µq)
we get hu =−gκh∇(h+S)−µκ(∇(hq)+βqS∇S)+O

(
µ2

)
with q (t ,x)= 1

h(t ,x)
∫ η(t ,x)
S q (t ,x ,z) dz and qS (t ,x)= q (t ,x ,S (x)).

Form the incompressibility constraint: ∇·
(
Θu

)
+∂z

(
Θw

)
= 0

we get w (t ,x ,z)=w (t ,x)+ z −S − h
2

h w̃ (t ,x)+O
(
µ2

)
with w =µ

(
βu ·∇S − h

2Θ
∇·

(
Θu

))
and w̃ =− h

Θ
∇·

(
Θu

)
Form the vertical Darcy law: w =−κ∂z q

we get hw = κqS and hw̃ = 6κ(2q−qS )

We conclude the equation on the horizontal velocity:
(
Id +µ2T

κ,Θ
S ,h

)
u =−gκ∇(h+S)

with T
κ,Θ

b,h (V )=β2∇b⊗∇bV + κ
h∇

(
βh2∇b

2κ ·V
)
− βh2∇b

2Θh
∇·

(
ΘV

)
+ κ

h∇
(

h3
3κΘ

∇·
(
ΘV

))
.

[Lannes’13]
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Hierarchy in the Dupuit-Forchheimer regime The Hydrodynamic Dupuit-Forchheimer model

Hydrodynamic Dupuit-Forchheimer model (HDFS ,h): O
(
µ2

)
-approximate model

∂t
(
Θh

)
−∇·

(
Θh

(
Id +µ2T

κ,Θ
S ,h

)−1
(gκ∇(h+S))

)
= 0 [Bucur’16]

Energy dissipation: ∂tP (h)+∇·G (h,u,w)=−K̃ (h,u,w)

where P (h) := gΘh
(
S + h

2

)
G (h,u,w) := (g (h+S)+µq)Θhu

and K̃ (h,u,w) := Θh
κ

(
|u|2 +w2 + w̃2

12

)
.

Linear decay rate: λ̃= |kD|2
1+ |kD|2

3
−→

|kD|→∞
3.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
wave number (|kD|)

0

1

2

3

4

no
rm

ai
liz

ed
 d

ec
ay

 ra
te

 
(k

D
) lin. Groundwater waves model

lin. Dupuit-Forchheimer model
lin. Dagan model
lin. hydrodynamic Dupuit-Forchheimer model

Martin PARISOT Cimav’25 The Dupuit-Forchheimer regime 7/22



Hierarchy in the Dupuit-Forchheimer regime Weakly non-linear and small substratum variation

GroundWater Waves
(GWW )

Dupuit-Forchheimer
(DF )

Hydrodynamic
Dupuit-Forchheimer

(HDFS ,h)

small substratum
(HDF0,h)

weakly non-linear
(HDFS ,D)

small substratum
weakly non-linear

(HDF0,D)

µ
≪

1

µ 3≪
1

µ≪ 1

µ2β≪ 1

µ2ε≪ 1 µ2β≪ 1

µ2ε≪ 1
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Hierarchy in the Dupuit-Forchheimer regime Numerical scheme for the (HDFS ,h) model

Numerical scheme:
hn+1

k = hn
k − δt

Θk
∇δk ·

(
Θ⋆

{
hn
⋆

}
⋆un+1

⋆

)
(
1+

[
T

κ,Θ
S⋆,hn

⋆

]
f

)(
un+1
⋆

)
= −gκf ∇δf

(
hn+1
⋆ +S⋆

)
.

The discrete space differential operator is defined as[
T

κ,Θ
b⋆ ,h⋆

]
f

(U⋆)= κf
{h⋆}f

{ h⋆
κ⋆Θ⋆

{
Θ⋆U⋆ ·∇δ⋆b⋆

}
⋆

}
f
∇δf b⋆

+ κf
{h⋆}f

(
∇δf

(
|h⋆|2

2κ⋆Θ⋆

{
Θ⋆U⋆ ·∇δ⋆b⋆

}
⋆

)
−

{
|h⋆|2

2κ⋆Θ⋆
∇δ⋆ ·

(
Θ⋆U⋆

)}
f
∇δf b⋆

)

− κf
{h⋆}f

∇δf
(

|h⋆|3
3κ⋆Θ⋆

∇δ⋆ ·
(
Θ⋆U⋆

))
.

The discrete divergence and gradient operators are defined as

∇δk ·U⋆ = 1
mk

∑
f ∈Fk

Uf ·nkf
k mf and ∇δf φ⋆ =

φkf −φk
δf

n
kf
k{

ψ⋆
}
k = 1

#Fk

∑
f ∈Fk

ψf and
{
φ⋆

}
f =

φkf +φk
2 .

Entropy satisfying: The scheme satisfies a discrete counterpart of the energy dissipation.

Martin PARISOT Cimav’25 The Dupuit-Forchheimer regime 9/22



0 2 4 6 8 10

0.4

0.2

0.0

0.2

0.4
ta

bl
e 

(
) a

t t
im

e 
t=

10
2 DFL

0
DFL

h, B t = 10 1

DFL
h, B t = 10 2

DFL
h, B t = 10 3

DFL
h, B t = 10 4

DFL
h, B t = 10 5

DFL
h, B t = 10 6

Init.

0 2 4 6 8 10

0.4

0.2

0.0

0.2

0.4

ta
bl

e 
(

) a
t t

im
e 

t=
5

10
2

0 2 4 6 8 10
position (x)

0.4

0.2

0.0

0.2

0.4

ta
bl

e 
(

) a
t t

im
e 

t=
10

1

0 2 4 6 8 10

0.4

0.2

0.0

0.2

0.4

ta
bl

e 
(

) a
t t

im
e 

t=
10

2 DFL
0

DFL
h, B t = 10 1

DFL
h, B t = 10 2

DFL
h, B t = 10 3

DFL
h, B t = 10 4

DFL
h, B t = 10 5

DFL
h, B t = 10 6

Init.

0 2 4 6 8 10

0.4

0.2

0.0

0.2

0.4

ta
bl

e 
(

) a
t t

im
e 

t=
5

10
2

0 2 4 6 8 10
position (x)

0.4

0.2

0.0

0.2

0.4

ta
bl

e 
(

) a
t t

im
e 

t=
10

1

0.00 0.02 0.04 0.06 0.08 0.10
time (t)

0.94

0.95

0.96

0.97

0.98

0.99

1.00

no
rm

al
ize

d 
en

er
gy

 (
() (

))

DFL
0

DFL
h, B t = 10 1

DFL
h, B t = 10 2

DFL
h, B t = 10 3

DFL
h, B t = 10 4

DFL
h, B t = 10 5

DFL
h, B t = 10 6



fully linear weakly non-linear fully non-linear



0 2 4 6 8 10

0.4

0.2

0.0

0.2

0.4
ta

bl
e 

(
) w

ith
 

=
1

DFL
0

DFL
0

DFL
0

Init.

DFNL
h, B t = 10 2

DFNL
h, B t = 5 10 2

DFNL
h, B t = 10 1

0 2 4 6 8 10

0.4

0.2

0.0

0.2

0.4

ta
bl

e 
(

) w
ith

 
=

10
1

0 2 4 6 8 10
position (x)

0.4

0.2

0.0

0.2

0.4

ta
bl

e 
(

) w
ith

 
=

10
2



0 2 4 6 8 10
1.0

0.8

0.6

0.4

0.2

0.0

0.2

0.4

ta
bl

e 
(

) w
ith

 
=

4.
9

DFL
0

Init.
Bed.

DFNL
h, B

DFNL
D, B

DFNL
h, 0

DFNL
D, 0

0 2 4 6 8 10
position (x)

1.0

0.8

0.6

0.4

0.2

0.0

0.2

0.4

ta
bl

e 
(

) w
ith

 
=

0.
1



Modeling surface/underground exchanges Water waves model with drag force

η

B

κ=∞, Θ= 1 κ≪ 1, Θ≈ 10−1

S

Water Waves model with drag force (WWκ,Θ):

∂tη + u|η ·∇η − w|η = 0
∂tu + u ·∇u + w∂z u = −∇p −u

κ
∂tw + u ·∇w + w∂z w = −∂z p−g −w

κ
∇·(Θu) + ∂z (Θw) = 0
u|S ·∇S − w|S = 0

Properties

Asymptotic regime:

(WWκ,Θ)(WW ) (GWW )

(SW ) (DF )

κ→∞
Θ=1 κ→ 0

µ→ 0µ→ 0

Energy dissipation: ∂t

(
P (η)+

∫ η

S
ΘK (u,w) dz

)
+∇·G (η,u,w)=−K̃ (η,u,w)

where P (η) := g
∫ η

S
Θz dz

K (u,w) := 1
2

(
|u|2 +w2

)
G (η,u,w) :=

∫ η

S
(gz +K (u,w)+p)Θu dz

and K̃ (η,u,w) :=
∫ η

S

Θ

κ

(
|u|2 +w2

)
dz .
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Modeling surface/underground exchanges Bi-layer shallow water model

Assuming hydrostatic pressure and vertical-homogeneous horizontal velocity.
By vertical integration on [S ,min(B,η)] and [min(B,η) ,η].

Bi-layer shallow water model (SW 2
κ,Θ): [Rambaud’11]

∂tV s (η) + ∇·(V s (η)us ) = −G

∂t (V s (η)us ) + ∇·(V s (η)us ⊗us ) = −gV s (η)
(
∇η+ us

κs

)
−uBG

∂tV g (η) + ∇·(V g (η)ug ) = G

∂t (V g (η)ug ) + ∇·(V g (η)ug ⊗ug ) = −gV g (η)
(
∇η+ ug

κg

)
+uBG

with V s (η) := V (η)−min
(
V (η) ,V

)
, V g (η) :=min

(
V (η) ,V

)
, V = V (B)

us := 1
V s (η)

∫ η

min(B,η)
Θu dz , ug := 1

V g (η)

∫ min(B,η)

S
Θu dz

and uB := ug +us

2 .

η

B

S

G

V g ug

V s us

V g
ug

Properties

Asymptotic regime:

(WWκ,Θ)(WW ) (GWW )

(SWκ,Θ)(SW ) (DF )

κ→∞
Θ=1 κ→ 0

µ→ 0µ→ 0 µ→ 0
κ→∞
Θ=1 κ→ 0
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(
∇η+ ug

κg

)
+uBG

with V s (η) := V (η)−min
(
V (η) ,V

)
, V g (η) :=min

(
V (η) ,V

)
, V = V (B)

us := 1
V s (η)

∫ η

min(B,η)
Θu dz , ug := 1

V g (η)

∫ min(B,η)

S
Θu dz

and uB := ug +us

2 .

Properties

Asymptotic regime:

(WWκ,Θ)(WW ) (GWW )

(SWκ,Θ)(SW ) (DF )

κ→∞
Θ=1 κ→ 0

µ→ 0µ→ 0 µ→ 0
κ→∞
Θ=1 κ→ 0
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Modeling surface/underground exchanges Unified shallow-water/Dupuit-Forchheimer model

Unified shallow-water/Dupuit-Forchheimer model (SW /DF ):
∂tV (η) + ∇·(H s (η)us ) = ∇·(gV g (η)κg (η)∇η)

∂t (H s (η)us ) + ∇·(H s (η)us ⊗us ) = −gH s (η)∇η+ ∂tV s (η)+∇·(V s (η)us )
2 us

with H s (η) := max(0,η−B)
Properties

Energy dissipation: ∂t (P (η)+K (η,us ))+∇·G (η,us )=−K̃ (η)

where P (η) := g
∫ η

S
Θz dz , K (η,us ) := H s (η)

2 |us |2

G (η,us ) := (gηH s (η)+K (η,us ))us −g2ηV g (η)κg∇η

and K̃ (η) := g2V g (η)κg ∣∣∇η∣∣2 .

Unified Green-Naghdi/Hydrodynamic Dupuit-Forchheimer model (GN/HDF ):

∂tV (η) + ∇·(H s (η)us ) = ∇·
(
gV g (η)

(
Id +T

κ,Θ
S ,H g (η)

)−1
(κg (η)∇η)

)
(
Id +T

1,1
B,H s (η)

)−1
∂tus + us ·∇us = −gH s (η)∇η−QB,η (us )
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Modeling surface/underground exchanges Numerical scheme for the (SW /DF ) model

Numerical scheme: ImEx scheme [Parisot,Vila’16] [Lteif,Kazolea,Parisot’25]

Implicit continuity equation

V
(
ηn+1

k
)
= V

(
ηn

k
)
−δt∇δk ·

({
H s

(
ηn+1
⋆

)
un
⋆

}
⋆
−

(
δt

{
γ

(
ηn+1
⋆

)}
⋆
+

{
gV g

(
ηn+1
⋆

)
κ

g
⋆

}
⋆

)
∇δ⋆

(
ηn+1
⋆

))
Explicit vertical exchanges

Gn+1
k =

Hs∗
k −H s

(
ηn+1

k

)
δt

with Hs∗
k =H s

(
ηn

k
)
−δt∇δk ·

(
F n+1
⋆

)
and F n+1

f =
{
H s

(
ηn+1
⋆

)
un
⋆

}
f
−δt

{
γ

(
ηn+1
⋆

)}
f
∇δf

(
ηn+1
⋆

)
Explicit momentum equation (si V s

(
ηn+1

k

)
> 0)

(
V s

(
ηn+1

k
)
+

Gn+1
k
2

)
un+1

k = V s
(
ηn

k
)
un

k −δt
(
∇up

k ·
(
un
⋆,F n+1

⋆

)
+gH s

(
ηn+1

k
)
∇δk

(
ηn+1
⋆

))

Entropy satisfying: for γ(η)≥ gV s (η) and under a CFL condition,
the scheme satisfies a discrete counterpart of the energy dissipation.
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Conclusion Perspectives

Conclusion:
Derivation of an approximate hydrodynamic model [Parisot’25]

improving the linear decay rate
preserving the energy dissipation

Unified model for shallow water and Dupuit-Forchheimer regime [Carreau,Parisot’25]
“coupling” between hyperbolic and elliptic models
preserving the energy dissipation

Perspectives:
Analysis of the hydrodynamic model (maximum principle, monotony, TVD...)
Analysis of the numerical stability (with/without CFL condition)
Higher order hydrodynamic models
Vertical dependency of the physical parameters κ and Θ

Infiltration model in the vadose area B. Chauveau, S. Erdocio (ifpen)
Study of interface conditions T. Bonnet, M. Coquerelle (i2m)
Morphodynamic coupling (physical parameters evolution, deformation)

Same questions for the Richards model (scalar 3D advection-diffusion equation)
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Conclusion Perspectives
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Thank You
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