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Introduction Global setting

Water Waves [] [Saint-Venant'1871]

0n + Uy, V- w, = 0

Otu + u-Vu  + wozu -Vp

otw + u-Vw + wozw = —0zp—g
V-u +0;,w =0

ujg -VB - Wig
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Introduction Global setting

:: GroundWater Waves @ [Boussinesq'1904]
0¢n + up, -V = wy, =0
u = —-«xVp
w = —x(0zp-g) i
V-(Ou) + 0, (6w) =0 g
uc-VB — w

Water Waves [] [Saint-Venant'1871]

0n + Uy, V- w, = 0

0tu + u-Vu + wozu = -Vp

otw + u-Vw + wozw = —0zp—g
V-u +0;,w =0
U|B~VB - W 7{ 0

void-space volume " =
—_—r e~ <]
total volume =

O(x,z) : porosity =

k(x,z) : permeability (or hydraulic conductivity)
B(x) : bathymetry
S(x) : substratum
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» Water Resources: baseflow, flooding, salt intrusion, pollutant...

fresh water

salt water
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Dupuit-Forchheimer regime ~ The groundwater waves problem

@ GROUNDWATER WAVES MODEL (GWW):

n(t,x)

0 + U\U-Vn—w‘n =0

w(t,x,z)

u= _Kvp u(t,x,z)
w = —x(0;p+g)
v-(@u)+dé;(OW)=0 | N || B

U|5~VS—W|5 =0

PROPERTIES

» Energy dissipation:  8:2 (1) +V-94 (n,u,w) = - % (n, u,w)

n
where P(n) =g fs Ozdz (potential energy)
n
9 (n,u,w) = fs (gz+p)Oudz (energy flux)
— 70
and K (nu,w) = fs . (Iu\2 + W2) dz. (dissipation ~ kinetic energy)

» The linearized groundwater waves model with constant parameters

_8x7
has solutions of the form n(t,x)=Dcos(k-x)e D At
with the linear decay rate reads A = |kD|tanh (1kD|).
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Dupuit-Forchheimer regime The Dupuit-Forchheimer model

> Integrating the incompressibility constraint, we get V(M) +V-(¥(n)u)=0

n n
with the water volume 7 (1) ::[S ©dz, and the mean horizontal velocity u:= —— | ©udz.

v (n)
B n
> Integrating the horizontal Darcy law, we get V(nu= 7[5 xVpdz

DuprUIT-FORCHHEIMER ASSUMPTION

p(t,x,z)=g(n(t,x)-2)+0(p) = Tw=-gK(n)Vn+O(p) with K(n):ﬁfsnﬁ-)xdz.

& DUPUIT-FORCHHEIMER MODEL (DF): O(u)-approximate model @ [Dupuit'1863]
0tV ()= V-(gK (n)¥ (n)Vn) =0
» Energy dissipation:  0:2 (1) + V-9 (n,u,w) = —F (0, u,w)
where 2 (n) ::gﬁs ©zdz, 9 (nu,w):=g’nKVVn and .7 (n,u,w) ::g2K7/|Vn|2.
» Linear decay rate: A= |kD|2.

IS

— lin. Groundwater waves model -
-==-_lin. Dupuit-Forchheimer model e

normailized decay rate A(kD)
w
|

N
N

-
L

T
0.0 0.5 1.0 15 2.0 25 3.0
wave number (IkDI)
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Hierarchy in Dupuit-Forchheimer regime The Hydrodynamic Dupuit-Forchheimer model

» Assuming constant coefficients: 0(x,z)=0(x)+0 (,u2) and x(x,z) =% (x)+ O (,u2)
» Assuming the hydrodynamic pressure small: p(t,x,z)—g(n(t,x)—z)=0(u) = uq(t,x,z)
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Hierarchy in the Dupuit-Forchheimer regime The Hydrodynamic Dupuit-Forchheimer model

» Assuming constant coefficients: 0(x,z)=0(x)+0 (,u2) and x(x,z) =% (x)+ O (,u2)

» Assuming the hydrodynamic pressure small: p(t,x,z)—g(n(t,x)—z)=0(u) = uq(t,x,z)
» Form the horizontal Darcy law: u=-xV(gn+uq)
we get hti=—-gkhV (h+S)—pux(V(hq)+pqsVSsS)+ O(,uz)

with g(t,x) = fn(tx q(t,x,z)dz and gs (t,x) =q(t,x,S(x)).
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Hierarchy in the Dupuit-Forchheimer regime The Hydrodynamic Dupuit-Forchheimer model

» Assuming constant coefficients: 0(x,z)=0(x)+0 (,u2) and x(x,z) =% (x)+ O (,u2)

» Assuming the hydrodynamic pressure small: p(t,x,z)—g(n(t,x)—z)=0(u) = uq(t,x,z)
» Form the horizontal Darcy law: u=-xV(gn+uq)
we get hti=—-gkhV (h+S)—pux(V(hq)+pqsVSsS)+ O(,uz)
with g(t,x) = fn(tx q(t,x,z)dz and gs (t,x) =q(t,x,S(x)).
» Form the incompressibility constraint: V. (@u) +0, (@w) =0
h
z-S-35 .
we get W(t,x,z):W(t,x)+T2v~v(t,x)+O(p2) with w = y(ﬁu VS—— ( E])
and W:—QV- 7E)
(€]
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Hierarchy in the Dupuit-Forchheimer regime The Hydrodynamic Dupuit-Forchheimer model

» Assuming constant coefficients: 0(x,z)=0(x)+0 (,u2) and x(x,z) =% (x)+ O (,u2)

» Assuming the hydrodynamic pressure small: p(t,x,z)—g(n(t,x)—z)=0(u) = uq(t,x,z)
» Form the horizontal Darcy law: u=-xV(gn+uq)
we get hti=—-gkhV (h+S)—pux(V(hq)+pqsVSsS)+ O(,uz)
with g(t,x) = fn(tx q(t,x,z)dz and gs (t,x) =q(t,x,S(x)).
» Form the incompressibility constraint: V. (@u) +0, (@w) =0
h
_— 279275 2

we get w(t,x,z)= W(t,X)+TW(t,X)+O(ﬂ ) with w = y(ﬁu VS——V ( ))
and w——f ( u)

» Form the vertical Darcy law: w=-%X0zq
we get hw=%xqs and hw=6k(29-qs)
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Hierarchy in the Dupuit-Forchheimer regime The Hydrodynamic Dupuit-Forchheimer model

» Assuming constant coefficients: 0(x,z)=0(x)+0 (,u2) and x(x,z) =% (x)+ O (,u2)

» Assuming the hydrodynamic pressure small: p(t,x,z)—g(n(t,x)—z)=0(u) = uq(t,x,z)
» Form the horizontal Darcy law: u=-xV(gn+uq)
we get hti=—-gkhV (h+S)—pux(V(hq)+pqsVSsS)+ O(,uz)

with g(t,x) = fn(tx q(t,x,z)dz and gs (t,x) =q(t,x,S(x)).
» Form the incompressibility constraint: V. (@u) +0, (@w) =0

_s-_h

we get W(t,x,z):W(t,x)+T2v~v(t,x)+O(p2) with w = y(ﬁu VS——V ( ))
and w——f ( u)
» Form the vertical Darcy law: w=-%X0zq
we get hw=%xqs and hw=6k(29-qs)
» We conclude the equation on the horizontal velocity: (Id+y hﬁ] =-gkV(h+5)

with 9Kh9(V) B2Vbe VbV + £ v(ﬁh vb v]fﬁhfv" (ev)+§ v(" v-(ev)).

26h
B [Lannes'13]
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Hierarchy in the Dupuit-Forchheimer regime The Hydrodynamic Dupuit-Forchheimer model

& HYDRODYNAMIC DUPUIT-FORCHHEIMER MODEL (HDFg 4): O(yz)-approximate model

-1
0t (@h)* (@h (Id+y2 K_K' ) (ng(h+S))) =0 @ [Bucur'16]

» Energy dissipation:  0:2(h)+ V-4 (h,u,w)=-% (h,u,w)

where .@(h) g@h (5 + g)
(g(hruvw) = (g(h+5)+uq)§hﬂ
— Oh Y

and J,’(h,u,w) = %(|E|2+W2+W7)-

12

~ 2

» Linear decay rate: 1= % —

|kDI | kD|—

+1621% [kD]—o00
3
4 —
—— lin. Groundwater waves model e
B} in. Dupuit-Forchheimer model //
in. Dagan model ,/'

in. hydrodynamic Dupuit-Forchheimer model

normailized decay rate A(kD)
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Hierarchy in Dupuit-Forchheimer regime ~ Weakly non-linear and small substratum variation

GroundWater Waves

(GWw)
.:W
A
. #2p<1| small substratum |#2e<1
. (HDFg,p)
v
L Hydrodynamic small substratum
Dupuit-Forchheimer weakly non-linear
(HDFs,p) (HDF,p)
weakly non-linear
2e<1 (HDFS,D) 2p<1
Dupuit-Forchheimer
(DF) n<1
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Dupuit-Forchheimer regime Numerical scheme for the (HDFg j,) model

Numerical scheme: ) —
Sy e saeme: = h - v5 RN

755 | o) - st s,

=
|

(1+

The discrete space differential operator is defined as

Kf h, } 5
Us)= 0+ Us -Vibe} b Vb
U=y {K*e*{ #Un ibaf, fr

+ Kf V |h*| {@* U* V§ b*} - |h*| (@*U*) V?b*
thilr 2K %O 21(*@* P

Kf ool I« s (=
. A% — VS [0, U .
thar (3@@* v (onus)

-K,0
by, hx

The discrete divergence and gradient operators are defined as

</>kf bk ke

1 k
Vi~U*:m— > Uf-nkfmf and gb*— n,

k fE[Fk

+</>k
Wty = #Fk Z Yr and {d’*}f—iv

Entropy satisfying: The scheme satisfies a discrete counterpart of the energy dissipation.
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—— DF} --- DFfg 6,=10"*
—— DFfg 6:=10"" - DFf, 6:=10°
0.2 ——- DFfg 6:=10"2 ... DFf g 6:=107°
——- DFfp 6:=10"3 —— Init.

0.4 4

0.0 4

-0.24

table (n) at time t=10"2

—0.44

0.4 4

0.2

0.0

—0.21

table (n) at time t=10"%

—0.4

position (x)

— DF§
09671 —— prt, 6=1071
0951 ——- DFf, 6,=102
——- DFip 6:=1073

- DFfp 6:=10"°
DFf 6:=1076

normalized energy

0.00 0.02 0.04 0.06 0.08 0.10
time (t)



—— Initial condition

6d-3
3d-3, d

—— cas stable non-monotomne (bottom red bloc}, d

3d-3, dt

—— cas stable monotomne (green bloc), dx

—— cas instable (right red bloc), dx

=2d-2 -

d-3, dt

04

02

=
S

[CR:)ALEIEENN

o
S
T

-0.4

Horizontal (x)

fully non-linear

weakly non-linear

fully linear



=1

table (n) with u

table (n) with =101

=102

table (n) with u

0.4 4

0.2 1

0.0 1

-0.2 1

~0.41

---- DFf t=1072
DFf; t=5-1072
DFy t=10"%

10

0.4 4

0.2 4

0.0 4

-0.2 1

—0.4 1

10

0.4 4

0.2 4

0.0 1

-0.2 1

—0.41

position (x)

10




=49

table (n) with B

=0.1

table (n) with B

0.4+
0.2+
0.0+
-0.2
—0.4
—0.6
—0.8

-1.0

o4

0.4+
0.2+
0.0+
-0.2 1
—0.4
—0.6

-0.8

-1.0

— DFf  —— DF)Yy  —— DF}Y
— Init. —— DFNY,  —— DFN,
[Z21 Bed. ' '
T
10
AT 77
T
10

position (x)




Modeling surface/underground exchanges =~ Water waves model with drag force

@ WATER WAVES MODEL WITH DRAG FORCE (WWj e):

5t77 + “In'VTI - W|17 =0 n
0tu + u-Vu + wozu =-Vp Y
K
Btw + u-Vw + wi,w = -0p—g we o T e ST SpoDonosoD
X R
V-(0u) + 0z(6Gw) =0 B —
U|S-VS—W|S =0 SIZ
PROPERTIES
0T 0
(WW) —— (WW, 9) ———— (GWW)
» Asymptotic regime: J'#HO luﬂo
(sw) (DF)

n —
» Energy dissipation:  0¢ (9 () +fs OX (u,w)dz|+V-4(n,u,w)=-X (n,u,w)

n
where 2(n) = gfs 0zdz

K (u,w) = %(Iu\2+wz)
4 (nu,w) = fsﬂ(gzh]{(u,w)-*—p)@udz

o _ ("0 2 2
and K (n,u,w) .—fs ;(Iul +w )dz.
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Modeling surface/underground exchanges Bi-layer shallow water model

» Assuming hydrostatic pressure and vertical-homogeneous horizontal velocity.
» By vertical integration on [S,min(B,n)] and [min(B,n),n].

& BI-LAYER SHALLOW WATER MODEL (SW2,): [3 [Rambaud'11]
0 + V- ()T) =G
0 F) + V0T eT) = -7 () (Vo | -us6
o8 () + V-(PETE) =G

oS ()T) + - (F ()T 0 T) = ~g78 (1) (Vn+ Zg |+ a6

with  ¥5(n):=%(m)-min(¥(m),V) ,  VEMm)=min(¥(n),V), V=7(B)
1 n 1 min(B,n)
=5 ._ u =
: 7/5(17) mln(B,n) Oudz s ub Vg(n)f Oudz
& +u°
and uB:= 5
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Modeling surface/underground exchanges Bi-layer shallow water model

» Assuming hydrostatic pressure and vertical-homogeneous horizontal velocity.
» By vertical integration on [S,min(B,n)] and [min(B,n),n].

& BIFLAYER SHALLOW WATER MODEL (SW2,): [3 [Rambaud'11]
o) + V- ()T) =G )
0T + V0T eT) = -7 () (Vo | -us6
08 () + V-(PETE) =G

oS ()T) + V- (0F ()T & T) = ~g78 (1) (V0 + Zg |+ s

with  ¥5(n):=%(m)-min(¥(m),V) ,  VEm)=min(¥(n),V), V=7(B)
oot fq Oudz ut 1 Imiln(B‘n)Gudz
u” = ) =
Zs(nl min(B,n) v&(n)Js
ué +u
and upg:= 5

PROPERTIES

(WW) —2L  (WWe) ——% 5 (GWw)

o =
K—00

(W) —2L  (SWeo) ——=%  (DF)

» Asymptotic regime: Juao
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Modeling surface/underground exchanges Unified shallow-water/Dupuit-Forchheimer model

@ UNIFIED SHALLOW-WATER/DUPUIT-FORCHHEIMER MODEL (SW/DF):

0¥ (n) + V(2°(T°) = V'(ng(n)?g(g)Vg) -
00 ()T + V(7% ()T 07) = ~g* () v+ 2L I UZ T e

with  #°(n) := max(0,n—B)

PROPERTIES
» Energy dissipation: ¢ (2 (n) +.% (n,0°)) +V-%4(n,T°) = -% (1)
n S5
where P(n) = gfs ©zdz, A (n,T°):= #mﬂz
G (n,0°) := (gn#* (n) +H (n,0°))T° - g>n¥& (n)xEVn
= _ 2
and H(n) = g°v8 (m)x&|vn|*.
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Modeling surface/underground exchanges Unified shallow-water/Dupuit-Forchheimer model

@ UNIFIED SHALLOW-WATER/DUPUIT-FORCHHEIMER MODEL (SW/DF):

0¥ (n) + V(2°(T°) = V'(ng(n)?g(g)Vg) -
00 ()T + V(7% ()T 07) = ~g* () v+ 2L I UZ T e

with  #°(n) := max(0,n—B)

PROPERTIES
» Energy dissipation: ¢ (2 (n) +.% (n,0°)) +V-%4(n,T°) = -% (1)
n S5
where P(n) = gfs ©zdz, A (n,T°):= #mﬂz
G (n,0°) := (gn#* (n) +H (n,0°))T° - g>n¥& (n)xEVn
= _ 2
and H(n) = g°v8 (m)x&|vn|*.

@ UNIFIED GREEN-NAGHDI/HYDRODYNAMIC DUPUIT-FORCHHEIMER MODEL (GN/HDF):

_ -1
0¥ (n) + V-(H° (n)T°) V~(g7g (n) (Id+7§§g(n)) (x& (n) Vn))

,1 . . . _
] 01T + T VT = —g7° (n)Vn- Qg (7°)

11
(Id + JB,dfs(n)
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Modeling surface/underground exchanges Numerical scheme for the (SW/DF) model

Numerical scheme: ImEx scheme [ [Parisot, Vila'16] [] [Lteif,Kazolea, Parisot'25]

» Implicit continuity equation

V) =y (o) -oevie{{e (), - foefr ()}, + v (02 REL, ) 95 (n27))
» Explicit vertical exchanges
oot H* -5 (i) with  HE =5 (o) -0ev0 - (21

S e e e

» Explicit momentum equation (si ¥* (n’[’l) >0)

() 57 s =) (- (o) o) )

Entropy satisfying: for y(n) = g7 (n) and under a CFL condition,
the scheme satisfies a discrete counterpart of the energy dissipation.
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Vertical

1072

le-17

[ Bathymetry (B)
W Substratum (S)
—— Water table (n)
+ Initial water table (%)

Horizontal (x)

—— First order 1 Bathymetry (B)
-~ L2 error on water table B Substratum (S)
—— Water table (1)
Initial water table (n°)
= = Analytical solution
K
£
>
1072 10 10°

Space step (6,) Horizontal (x)

1.00

0.75

0.50

025

0.00

fapoan

-0.25

-0.50

-0.75

-1.00

0.0015

0.0010

0.0005

0.0000

~0.0005

~0.0010

~0.0015

A0jA



Vertical

- Bathymetry (B)
W Substratum ()
—— Water table (1)

Initial water table (n°)

282 2.84 286 2.88 2.90 2.

Horizontal (x)

faporn



Time (1)

300

100

Vertical
w

~

SOLID

GRAVEL

SAND

Horizontal (x)

Horizontal (x)

- Water table () at time - Water table (1) at time ¢ = 4005
Water table () at time - Water table () at time ¢ =10°s |
0 20 40 60 80 100 20 40 60 80

100

40 60
Horizontal (x)

Bathymetry (B)
Substratum (S)

80

100

() uonenap soreM



Conclusion Perspectives

Conclusion:

» Derivation of an approximate hydrodynamic model B [Parisot'25]
improving the linear decay rate
preserving the energy dissipation

» Unified model for shallow water and Dupuit-Forchheimer regime D [Carreau,Parisot'25]
"“coupling” between hyperbolic and elliptic models
preserving the energy dissipation

Perspectives:

» Analysis of the hydrodynamic model (maximum principle, monotony, TVD...)

» Analysis of the numerical stability (with/without CFL condition)

» Higher order hydrodynamic models

»> Vertical dependency of the physical parameters x and ©

» Infiltration model in the vadose area B. Chauveau, S. Erdocio (IFPEN)
» Study of interface conditions T. Bonnet, M. Coquerelle (12M)
» Morphodynamic coupling (physical parameters evolution, deformation)

» Same questions for the Richards model (scalar 3D advection-diffusion equation)
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Conclusion Perspectives

I] [Dupuit'1863] Etudes théoriques et pratiques sur le mouvement des eaux dans les canaux découverts et a travers les terrains

perméables: avec des considérations relatives au régime des grandes eaux, au débouché a leur donner, et a la marche des

alluvions dans les rivieres a fond mobile, J. E. J. Dupuit. Dunod, 1863

@ [Saint-Venant'1871] Théorie du mouvement non permanent des eaux, avec application aux crues des riviéres et a

I'introduction des marées dans leurs lits A.-J.-C. B. de Saint-Venant, C.R. Acad. Sci. Paris, 73:147-154, 1871
[Boussinesq'1904] Recherches théoriques sur I'écoulement des nappes d'eau infiltrées dans le sol et sur le débit des sources,

J. Boussinesq, Journal de Mathématiques Pures et Appliquées, 5e série, 10:5-78, 1904

@ [Rambaud'11] Modélisation, analyse mathématique et simulations numériques de quelques problémes aux dérivées partielles

multi-échelles, A. Rambaud, Theses, Université Claude Bernard - Lyon |, décembre 2011

[:_;| [Lannes'13] The water waves problem: mathematical analysis and asymptotics, D. Lannes, volume 188. Mathematical

Surveys and Monographs, 2013

D [Parisot,Vila'16] Centered-potential regularization for the advection upstream splitting method, M. Parisot and J.-P. Vila,

SIAM Journal on Numerical Analysis, 54(5):3083-3104, 2016

D [Bucur'16] Nonlocal diffusion and applications, C. Bucur, E. Valdinoci, and others, volume 20. Springer, 2016

@ [Parisot'25] Derivation of weakly hydrodynamic models in the Dupuit-Forchheimer regime, M. Parisot, Advances in Water

Resources, 199:104933, 2025

B [Lteif,Kazolea,Parisot'25] An efficient second order ImEx scheme for the shallow water model in low Froude regime, R. Lteif,

M. Kazolea, and M. Parisot, Computers and Fluids, 2025

@ [Carreau,Parisot'25] A unified modeling of underground-surface hydraulic processes, M. Carreau and M. Parisot, Siam

Multiscale Modeling and Simulation, 2025

Thank You
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